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Buoyant force and sinking conditions of a hydrophobic thin rod floating on water

Jian-Lin Liu," Xi-Qiao Feng,l’>l< and Gang-Feng Wang2
'FML, Department of Engineering Mechanics, Tsinghua University, Beijing 100084, China
2Deparl‘ment of Engineering Mechanics, Xi’an Jiaotong University, Xi’an 710049, China
(Received 14 July 2007; revised manuscript received 16 September 2007; published 13 December 2007)

Owing to the superhydrophobicity of their legs, such creatures as water striders and fisher spiders can stand
effortlessly, walk and jump quickly on water. Directed toward understanding their superior repellency ability,
we consider hydrophobic thin rods of several representative cross sections pressing a water surface. First, the
shape function of the meniscus surrounding a circular rod is solved analytically, and thereby the maximal
buoyant force is derived as a function of the Young’s contact angle and the rod radius. Then we discuss the
critical conditions for a rod to sink into water, including the maximal volume condition and the meniscus-
contact condition. Furthermore, we study the sinking conditions and the maximal buoyant forces of hydropho-
bic long rods with elliptical, triangular, or hexagonal cross-section shapes. The theoretical solutions are quan-
titatively consistent with existing experimental and numerical results. Finally, the optimized structures of water
strider legs are analyzed to elucidate why they can achieve a very big buoyant force on water.
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I. INTRODUCTION

Such animals as fisher spiders and water striders have the
striking feats to float, walk, and jump on the water surfaces
of ponds, rivers, and even open oceans [ 1-3]. Much attention
has been attracted in the past decades on the locomotion
mechanisms of these creatures [4-9]. Their extremely strong
repellency ability has been attributed to the hierarchical mi-
crostructures and nanostructures of their legs with a large
contact angle [10,11], because roughness on a solid surface
can enhance its superhydrophobic behavior [12-14]. Experi-
mental measurements found that a single leg of water strider
can provide a supporting force about 15 times the total body
weight, and the corresponding volume of water ejected is
300 times that of the leg [10]. Another interesting experiment
shows that the water-supporting force of a single leg of the
mosquito is about 23 times its body weight [15]. Inspired
also by the leaves of louts and Lady’s Mantle, superhydro-
phobic surfaces have been created by chemical modification
and/or introducing hierarchical surface structures [16—18].
By mimicking water strider legs, recently, Shi et al. [19,20]
produced a gold rod with superhydrophobic property and
measured the maximal buoyant force of the rod.

When an object is brought into contact with a liquid sur-
face, an upward or downward meniscus forms around its
edge. The meniscus profiles in different situations have been
analytically or numerically studied by solving the Laplace
equation of liquid surfaces [21-23]. Due to the meniscus or
capillary effect, the surface tension of a liquid provides a
buoyant force large enough to float small objects denser than
the liquid, which seemingly violates Archimedes’ principle
[24]. Capillary interaction may also drive solid components
floating at interfaces to self-assemble [25,26]. The buoyant
force of a floating object can be directly integrated from the
liquid volume displaced by the body and the meniscus, but
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the critical sinking condition of a floating object has not been
well recognized. In order to explain their experimental re-
sults, Trompette et al. [27] assumed that a spherical particle
will sink when one-half of the particle surface is wetted by
the liquid. Hu er al. [9] adopted an approximate estimation of
the buoyant force for a very thin cylinder rod by ignoring the
rod volume. Besides, Penner [28] thought that a floating disk
will pierce into water when the direction of the surface ten-
sion becomes vertical. The sinking conditions of a cylinder
rod, a disk and a sphere were also determined when the
extruded volume of water amounts to the maximum value
[29-33]. To analyze the buoyant force of a water strider leg,
very recently, Feng et al. [11] adopted another roughly ap-
proximate sinking condition when the two bulging points of
the menisci contact with each other, as suggested previously
by Rapacchietta et al. [29]. Despite the previous calculations
of the buoyant force, the critical condition of a rod sinking
into water remains an extensively argued but as yet unsolved
issue. The dependence relationships between the buoyant
force and the characteristic size and cross-section shape of
the rod have not been quantitatively deciphered either.

In order to gain an insight of the striking repellency be-
havior of such insects as water striders [10,11], we here ana-
lyze the buoyant force and sinking condition of hydrophobic
thin rods of different cross-section shapes floating on water.
First, the shape of the meniscus surrounding a circular rod is
analytically solved from the Laplace equation, and thereby
the buoyant force is calculated by integrating the total water
volume extruded by the rod. Then the critical sinking condi-
tions of a long rod are discussed. Moreover, we compare
quantitatively the buoyant forces of rods with elliptical, tri-
angular, and hexagonal cross sections. The optimization
problem on the cross section of water strider legs to attain a
large buoyant force is addressed.

II. BUOYANT FORCE AND SINKING CONDITION
OF A THIN CIRCULAR ROD

A. Meniscus shape

We first consider a smooth thin cylinder of circular cross
section floating on a liquid surface. Let 6, denote the mac-
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FIG. 1. (Color online) A circular rod floating on water and sub-
jected to a pressing force F.

roscopically effective contact angle of the cylinder, which is
a function of the chemical compositions and surface micro-
structures [10,11]. The meniscus around the rod may be up-
ward or downward with respect to the original horizontal
liquid surface, depending on whether the cylinder is hydro-
philic or hydrophobic. Here, we investigate only the hydro-
phobic case (6,>90°), though the hydrophilic case can be
analyzed analogously. The length L of the cylinder is as-
sumed to be much greater than its radius R (e.g., L>30R). In
this case, the three-dimensional end effect is negligible, and
thus the problem reduces to a two-dimensional one. Refer to
a Cartesian coordinate system (0-xz), as shown in Fig. 1,
where F' is an externally applied force on per unit length of
the cylinder, and 26 is the sector angle of the wetted part of
the cylinder surface. As the force F increases, the rod will
press gradually the water surface and correspondingly the
angle 6 increases. For a relatively smaller 6, the shape func-
tion z=z(x) of the meniscus is monotonic and single valued
with respect to the coordinate x, while for 6 larger than
37/2— 6y, there will be an inflection point, as shown in Fig.
1. With the increase in the force F, the triple contact line
moves along the rod surface but the contact angle between
the solid and the liquid surfaces is assumed to keep a con-
stant, fy. Only quasistatic processes are considered here, and
then no effect of dynamics is accounted for.

Across the liquid-vapor interface, there exists a Laplace
pressure difference,

Ap=p,—-py=p82, (1)

where p; and py are the pressures in the liquid and vapor,
respectively, p; is the mass density of the liquid, and g is the
acceleration of gravity. Due to the possible presence of an
inflection point, the shape function of the meniscus is ex-
pressed by the function x=x(z), which is always single val-
ued. The Laplace pressure difference Ap=p;gz depends
upon the average curvature of the meniscus via the classical
Laplace equation [34]

x”(l +x12)—3/2 — KZZ, (2)
where the apostrophe stands for the derivative with respect to

the coordinate z, K~ '=1/y/(p,g) is the capillary length, and y
is the surface tension of the liquid. The solution of Eq. (2) is
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1 1 21-12
x’=(§l<212—cl> 1—<§K2Z2—C1) , (3)

with ¢, being an integration constant. The boundary condi-
tions of the infinite liquid surface are x— +% and x’ — -
for z—0. Then it is determined from Eq. (3) that ¢;=1. So
the meniscus profile satisfies the following equation:
2 -2
=2 (4)
N4k -22

The analytical solution of Eq. (4) is derived via complicated
integration as

2 —

x=k"! cosh‘l<—) —\4k2 =+, (3)

K

where ¢, is an integration constant. The boundary condition
—P 7 .
x=R sin 0 at z=h=\2k"'\/1+cos(6+ 6y) leads to:

¢, =R sin 6— k7 cosh™ (2k71/h) + 2671 = K*h?/4.

(6)

B. Buoyant force and sinking condition

The buoyant force exerted on per unit length of the rod is
proportional to the total volume of the extruded liquid, V
=V,+V,, where V; stands for the volume of the wetted seg-
ment of the rod, and V, the volume of the dimple displaced
by vapor. From Eq. (5) for a circular rod, we obtain

V,=R*(6—sin 0 cos 6),

h
V,= 2f xdz=—2k"%sin(0+ 6y)
0

— ,—
+2\2k7'R sin OV1 +cos(8+ 6y). (7)

Then the normalized buoyant force is written as a function
of 6,

Fy=Fy*(prg) = KV, (8)

as shown in Fig. 2, where we take 6,=120°, and «’R?

=0.25, 0.01, and O for the three representative curves, re-
spectively. When the cylinder radius R is very small (such as
k*R>=0.01), the buoyant force originates mainly from sur-
face tension of the liquid (i.e., the first term of V,), while for
a larger R, the other terms of V associated with the volume of
the rod itself also make a significant contribution. It is inter-
esting to find from Fig. 2 that the buoyant force is not a
monotonic function with increasing # but has a maximum

value at a certain angle, 6,,,. The buoyant force F ;, Increases
as @ increases in the range of <6, but decreases for a
further increase of 6. In other words, the meniscus will be-
come unstable when 6 reaches to 6. Therefore, the extre-
mum condition of the buoyant force is that the volume of the
displaced liquid, V, reaches its maximum. Then from
dV/d#=0, one has

. < !’— .
\’ERK_I[Z\H + cos(8+ 6y) cos O+ 1 —cos(f+ 6y) sin ]

—2k72 cos(0+ 6y) + 2R* sin®> =0. 9)
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FIG. 2. (Color online) The variation of the nondimensional
buoyant force with respect to the angle # for three representative
Bond numbers, k2R?=0.25, 0.01, and 0.

Solution of this equation yields the critical value of 6 at
sinking, Giilgk, and then the maximal buoyant force before
sinking can be determined from Egs. (7) and (8). This critical
sinking condition of dV/d6=0 is called the maximal dimple-
volume criterion or, for short, the volume criterion.

As aforementioned, the meniscus will have an inflection
point when the angle 6 is larger than 37/2—6y. In such a
situation, one may also assume that the liquid surface will be
pierced when the nearest distance of the two menisci ap-
proaches to zero. From Eq. (4) and using x'=0 (ie., z
=v2k7!), the minimum value of x of the meniscus at the
right-hand side is expressed as

- PN~ .
Xpin= K ' cosh™'(V2) =2k '+ R sin 6

-k 'cosh!| \| ————
1 +cos(6+ 6y)

+ \EK" \e"m- (10)

From x,,;,=0 and Eq. (10), another critical value of @ at
sinking, 6;231(, can be determined. The critical sinking condi-
tion of x,,;,=0 is referred to as the meniscus-contact condi-
tion or, for short, the distance criterion, which was used re-
cently by Feng et al. [11] to calculate the buoyant force of a
water strider leg.

Now we compare the two above sinking criteria. The

critical states at sinking of the rod, in terms of 6, and
the corresponding nondimensional depth Zmax
= \5\, 1+cos( b+ Oy) +R(1—cos b,,) are calculated from
both the volume condition dV/d6=0 or from the distance
condition x,,;,=0, as shown in Figs. 3(a) and 3(b), respec-
tively. It is clear that the sinking angle and the corresponding
depth of a rod predicted by the volume condition are always
smaller than those by the distance condition, indicating that
the maximum of the buoyant force is attained before the
contact of the two menisci. When 6,=120°, for example, the

volume condition predicts that the rod will sink at the sink-
ing angle 6;,,=128.9° and the corresponding dimensionless

rod depth is Zmax=2.76, while the distance condition predicts

Ogin=168.7° and ZmaX=3.6O. This indicates that the menisci
have become unstable before their contact. Therefore, the
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FIG. 3. Comparison of the maximal volume criterion and the
meniscus-contact criterion. (a) The dependence of the sinking angle
upon the rod radius, and (b) the dependence of the maximal depth
upon the rod radius, where we take two representative Young’s
contact angles, #y=120° and 150°.

volume criterion should always be used to determine when a
hydrophobic circular rod will sink into the liquid. The
meniscus-contact criterion, which has been adopted by Feng
et al. [11] and some others, overestimates the dimple depth at
sinking for a circular rod subjected to an increasing force.
In addition, it is worthy to rationalize the dependence of
the maximal buoyant force upon the radius of the cylinder.
For three representative radii of the rod, R=0.09 mm (a typi-
cal size of a water strider leg), 0.2 and 0.5 mm, the nondi-

mensional maximal buoyant forces F » max Calculated from
the above model are plotted in Fig. 4 as a function of the
Young’s contact angle 6y. For three representative Young’s
contact angles 0y=168° (the macroscopic contact angle of a
water strider leg with hierarchical surface structures [11]),
120°, and 109° (corresponding to a smooth water strider leg
coated with a wax layer), the nondimensional buoyant forces
versus the rod radius are plotted in Fig. 5. Evidently, the
maximal normalized buoyant force increases with the in-
crease of either 6y or R. For a very thin rod, such as a water

strider leg, F » max increases slightly with the increase in 6y,

while for a larger R, F » max changes rapidly with 6y. In other
words, the maximal buoyant force of a hydrophobic water
strider leg is insensitive to its macroscopic Young’s contact
angle or its hierarchical surface structures. This conclusion is
consistent with the numerical results of Vella et al. [32] and
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FIG. 4. (Color online) The dependence of the nondimensional
maximal buoyant force upon the Young’s contact angle, where we
take R=0.09, 0.2, and 0.5 mm.

experimental measurements of Shi et al. [19]. The theoretical
maximal buoyant force that a water strider leg can support is
calculated here to be about 142 dynes, which is close to the
experimental result of 152 dynes [10]. The slight difference
is mainly due to the three-dimensional effect at the leg end,
which has been neglected in our analytical solution. In spite
of that, the hierarchical surface structure of the water strider
leg does not make a significant contribution to the maximal
buoyant force, fluid dynamics simulation reveals that it plays
a key role in the propulsion process of the locomotive strider.
The detailed analysis of the propelling mechanisms of water
striders [2] is beyond the scope of the present paper.

C. Maximal radius and density of a rod that can
float freely on water

Surface tension makes it possible that small objects with a
mass density pp higher than that of water can float freely on
the liquid surface. The maximal radius R, of a circular rod
which the liquid can support is determined by equilibrating
the maximal buoyant force F ,,, with the rod weight G
=prg R, ., that is,

Fpmax=p8V=0G. (11)
4.5 -
B ——6,~168
Tl - 01200
359 --- 6109 -

£ 3.0
2.51

2.0+

1.5 . .
0.5 1.0 1.5

R (mm)

FIG. 5. (Color online) The dependence of the nondimensional
maximal buoyant force upon the rod radius, where we take 6y
=168°, 120°, and 109°.
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FIG. 6. (Color online) The dependence of the maximal radius
upon the Young’s contact angle for a freely floating rod, where we
take three representative relative mass densities, pr/p;=19.8, 5.0,
and 2.0.

Substituting Egs. (7) and (8) into (11) leads to the follow-
ing equation about R, ,:

(pR/pL)max”Ternax == 2K_2 Sil’l( asink + aY)

+ ZN/EK_lRmaX sin Hsink\"l + cos(@smk + ay)
+ ernax( asink —sin 0sink €os 0sink) ’ (12)

where the critical angle of sinking, 6., is also a function of
Rpax- We solve Eq. (12) numerically.

The maximal radius for a rod floating freely on water can
be calculated from the sinking condition dV/d#=0 and the
equilibrium equation in Eq. (11), as shown in Fig. 6, where
three representative relative densities pg/p;=19.8 (a gold
rod), 5.0 and 2.0 have been chosen for illustration. The the-
oretical results are agreeable, in tendency, with the experi-
mental data of Shi et al. [19], but their quantities have a
slight difference. This may be attributed to the end effect,
surface roughness and dynamic effect in the experiments.

For a specified Young’s contact angle 6y and rod radius R,
we can also determine from the above equations the maximal
relative density of the rod (pr/pr)max that can freely float.
From Egs. (9) and (11), the dependence relationship of the
maximal relative density (pg/pr)max and the Bond number
K2R? is obtained, as shown in Fig. 7, which is consistent with
the experimental results [32]. It is seen that the critical rela-
tive density decreases with the increase in the Bond number.
This demonstrates that the liquid can support a denser rod
with a thinner diameter. When R=0.551 mm and 6,=143°,
for example, water surface can bear a gold rod with a density
of 19.8 g/mm3, while for R=1.0 mm, a rod with a density
larger than 2.4 g/mm?® cannot float on water.

III. RODS OF DIFFERENT CROSS-SECTION SHAPES
A. Rod of an elliptical cross-section shape

In order to examine the dependence of the maximal buoy-
ant force upon the cross-section shape, we now analyze float-
ing rods of several special cross-section shapes. The ellipti-
cal cross section will be considered first, as shown in Fig.
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FIG. 7. (Color online) The maximal relative density of a circular
rod that can float freely on water, where 6y=143° [32].

8(a), where 2a and 2b denote the main-axis lengths in the x
and z directions, respectively, and the angle ¢ is measured
from the vertical direction to the tangential direction of the
liquid surface at the triple point. As in Sec. II A, an external
force F' is applied downwards to the rod of per unit length.
The elliptical cross-section shape is expressed by

meniscus F

i %\ Y x
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meniscus F
4 Z
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¥
X
h \/-— VA
a
rod B
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FIG. 8. (Color online) Rods with different cross sections floating
on water surface: (a) elliptical, (b) triangular, and (c) hexagonal
cross section.
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FIG. 9. The sinking angle of a rod of an elliptical cross section
with respect to its normalized main axis length ka, where 6y
=120°, A=0.5 and 1.5. The two sinking criteria based on the maxi-
mal dimple volume and the meniscus contact are compared.

x> (z+b-2)?
+ =

L (13)

where Z is the depth at the bottom of the rod [Fig. 8(a)]. One

may easily prove the following geometric relation:
NZ-b-3)

Jo@ - 1)(Z-b-2)+b>

where the nondimensional parameters are defined as z7=«z,

7= KZ, E:Kb, and A=a/b.

Similar to Eq. (8) for a circular rod, the nondimensional
buoyant force for an elliptical rod is derived as

sin(¢p— 6y) = , (14)

~ o |7 Z-b-7
F,=-=2cos ¢+2xV2(1 —sin ¢) +ab E+arcsmf
b
Z-b-7 [ = =
+TZ bz—(Z—b—Z)2>, (15)
b

where a=«a and X=kx. Then the maximal buoyant force

F » max can be determined from the sinking condition of the
maximal volume, i.e., dV/d6=0.

For the elliptical rod, on the other hand, the connection
condition of the two menisci, x,,;,=0, is recast as

Ka\ cos(¢ — 6Oy)
V1= (1 =\)cos*(p— 6y)

—cosh"( \/ﬁ) +V2(1 +sin ¢)=0. (16)

The critical sinking states predicted from the two above
conditions are plotted in Fig. 9 in terms of the critical angle
dqink as a function of the size xa. It is seen that the sinking
angle ¢, predicted by the volume condition is always
smaller than that of the meniscus-contact condition. Hence-
forth, the critical sinking condition of an elliptical rod sub-
jected to an externally applied force F is always governed by
the maximal volume condition. Therefore, the maximal

cosh‘l(\E) - \E +
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FIG. 10. (Color online) The nondimensional buoyant force as a
function of the nondimensional depth of the rod with an elliptical
cross-section shape, where 6y=120°, A=1.5, 1.0, and 0.8.

buoyant force should be determined from dV/d6#=0, which
is met before the linking of the two menisci.

From Egs. (14)—(16), one may also give the dependence
relationship between the buoyant force and the maximal
depth of the elliptical rod, as shown in Fig. 10, where the
nondimensional area of the elliptical cross section is mabx”
=m/4. With the increase in the ellipse aspect ratio A=a/b,

the maximal buoyant force F »max Of the rod increases. An
elliptical rod with A >1 can bear a bigger pressing force than
a cylinder rod with the identical cross-sectional area.

B. Rod of an equilateral triangular cross-section shape
Now consider an equilateral triangular rod pressing a wa-
ter surface, as shown in Fig. 8(b), where a is the side length

of the cross section ABC, and the angle ¢ is measured from
the vertical direction to the tangential direction of the liquid
surface at the triple point. A similar derivation leads to the

expression of the nondimensional buoyant force F, as

2\’%
F,==2cos ¢+ T(Z— V241 = sin $)\1 —sin ¢

_
r3 -
+ V?(Z— V21 =sin #)2, (17)

where Z=«Z is the depth at point C.
Equation (17) holds for both the cases when the triple

point is located on the sides AC and BC or at the corners A
and B. For the former case, the contact lines move along the
sides AC and BC and the depth varies in the range of
V2(1-sin ¢p) =Z=13/2a+2(1-sin ¢), where ¢=0y—30°.
While for the latter, the angle ¢ is variable in the range 6y
-30° = = 0,+90° (Gibbs inequality [35]) due to the cur-
vature singularity, and the depth of the rod is expressed as
Z=\3/2a+ V2(1-sin ¢). The maximal dimple-volume con-
dition (i.e., dV/d#=0) and the contact condition of two me-
nisci (i.e., x,i,=0), respectively, yields

2\3’5 sin in
a=- —— Poin (18)
VI +sin ¢sink
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FIG. 11. The sinking angle of an equilateral triangular rod with
respect to its normalized cross-section size xa, where we take 6y
=120°.

2 o, =
a=2 cosh‘l( \/.—) = 2V2(1 + sin ¢gipy)
1 —sin d’sink )

+ 2\5 -2 cosh_l(\E)- (19)

The dependence relationship between ¢, and a is plot-
ted in Fig. 11. It is again concluded that the maximal buoyant
force of the rod is governed by the maximal volume condi-
tion.

From Eq. (17), the nondimensional buoyant force of the

rod is given as a function of its depth Zin Fig. 12, where the
Young’s contact angle is taken as 120° and 150° for the two
curves, respectively, and the cross-sectional area of the rod,
normalized by K2, is /4. Tt is seen that with the increase in

Oy, the maximal buoyant force increases. At the corner E, the
curves are not smooth because of the Gibbs inequality rela-
tion.

C. Rod of a hexagonal cross-section shape

Another representative but more complicated example is a
floating rod with a hexagonal cross section of the side length
a, as shown in Fig. 8(c). The external force F and the angle
¢ are defined the same as in Sec. III A. According to the
locations of the contact lines, the pressing process of a hy-
drophobic hexagonal rod on water can generally be divided
into the following five stages.

(i) If 6y>120°, once the rod contacts the water surface,
the left and the right contact lines will first be pinned at the
corners B and C, respectively. In this stage, the correspond-
ing boundary conditions are 90° = ¢= 6,—-30°, X=a/2, and
7= V2(1=sin ¢), where (¥ ,Z) are the coordinates of the right
contact line. If #y=120°, however, the contact lines cannot
be pinned at the corners B and C since the Gibbs inequality
cannot be met, and therefore this stage does not exist.

(ii) The contact line moves along the sides AB and CD as
the force F increases. In this stage, simple geometric analysis
leads to ¢p=6,—30° and X=(a/2)+(1/ V’E)[Z— V2(1-sin ¢)].

(iii) After arriving the corners A and D, the contact lines
will be pinned there in the range of 6y—30° = ¢= 6y+30°,
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FIG. 12. (Color online) The variation of the nondimensional
buoyant force with respect to the nondimensional depth for an equi-
lateral triangular rod with (a) #y=150°, and (b) 6y=120°.

during which stage one has ¥=a and Z=+2(1—sin ¢)
+(\3/24).

(iv) The two contact lines move along the sides AF and
DE, respectively. In this regime, we have ¢=6y+30° and X

=(3a/2)-(1/\3)[Z-\2(1=sin ¢)].
(v) Finally, the contact lines may be pinned again at the
corners E and F. Correspondingly, the boundary conditions

are 0y+30° = p=0,+90°, ¥=a/2, and Z= V2(1-sin ¢)
+\3a.
The nondimensional buoyant force can be calculated by

F,=—-2cos ¢+ 2%V2(1 —sin ¢) + %[Z— 12(1 - sin )]
N
X[\3a+Z—\2(1 - sin ¢)] (20)
in stages (i)-(iii), or by

Fb=—2 cos @ +2xV2(1 —sin ) +7§T+ (Z— V2(1 —sin ¢)

3a 3 Ba
3a / ~ [3a
—%){25—‘;(2—\/2(14111¢)—”7>], 1)

in stages (iv) and (v).
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FIG. 13. (Color online) The variation of the nondimensional
buoyant force with respect to nondimensional depth for a hexagon
rod with (a) 8y=150°, and (b) 6y=120°.

For 6y=150°, for example, the changing curve of the

buoyant force F ;» with the rod depth Z=«Z is shown in Fig.
13(a), where the nondimensional area cross section of the rod
is m/4. The solid and dashed curves stand for stable and
unstable floating states. Here a state is called unstable when
the rod cannot bear any further increase in the externally

applied force F, or, in other words, the function F,(Z) is
decreasing. In stages (i)—(iii), the buoyant force of the rod
increases with the depth, and the rod can bear an increasing
pressing force F;, while stages (iv) and (v) are unstable.
Therefore, the maximal buoyant force, which is achieved at
the end of stage (iii), can be calculated from Eq. (20) by
setting ¢=180°. After that, the rod will sink into water.

For a special contact angle 6y=120°, the buoyant force
curve is shown in Fig. 13(b). In this case, the contact lines
cannot be pinned at the corners B and C, and the buoyant
force curve in stage (i) shrinks to a point. With the increase
in the pressing force, the contact lines remain horizontal (¢
=90°) and move along the sides AB and CD. The following
stages (iii) and (iv) are similar to those for 6y=150°, but
stage (v) is stable in a certain range of ¢. The triple lines will
jump rapidly from the corners A and D to F and E. There-
fore, the buoyant force will reach its maximum in stage (v)
before the loss of its stability. Our analysis demonstrates that
the sinking condition for a hexagonal rod is still governed by
the maximal dimple-volume criterion.
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TABLE I. Comparisons of the maximal buoyant forces of rods
with different cross-section shapes, where their nondimensional
cross-sectional areas are all taken as /4, and the Young’s contact
angle 6y=120°.

Cross-section shape Maximal buoyant force

Ellipse (A=0.8) 3.3591
Ellipse (A=1.0) 3.5303
Ellipse (A=1.5) 3.6807
Annulus 4.3997
Equilateral triangle 4.8728
Hexagon 3.6118

D. Comparisons of the maximal buoyant forces for
different cross-section shapes

The above method also applies to several other cases,
such as the triangular shapes with the tip down and hexago-
nal shapes with flat sides up, and they may be analyzed simi-
larly. The maximal buoyant forces of thin and long rods with
different cross-section shapes are compared in Table I, where
their nondimensional cross-sectional areas are all taken as
/4, and the Young’s contact angle 6y=120°. The formulas
for a rod with an annular cross section are identical to those
for a circular rod in Sec. II. It is found that the annular and
the equilateral triangular cross sections produce larger buoy-
ant forces than the four others listed in the table.

IV. OPTIMIZATION MECHANISMS OF WATER
STRIDER LEGS

Through evolution of many millions of years, such crea-
tures as water striders and water spiders have gained the
striking ability to live on water. For instance, experimental
measurements [10,11] found that a single water strider leg
can hold a force about 15 times the total weight of the in-
sect’s body without piercing the water surface. In this sec-
tion, the above theoretical results will be used to illustrate
how a water strider leg achieves a so large buoyant force.
Based on our above analysis on buoyant forces, its optimi-
zation mechanisms are summarized as follows.

First, scanning electron microscopic observations clearly
revealed that a water strider leg are covered with a large
number of tiny chitinous setae, which are oriented at an in-
clined angle of about 20° measured from the leg surface
[10,11,36,37]. These needlelike setae are about 50 wm in
length and less than 3 um in diameter, and, more interest-
ingly, their surfaces have some elaborate nanosized grooves.
Such hierarchical microstructures and nanostructures, in con-
junction with the secreted wax coating on the leg surface,
render a contact angle larger than 150°, which plays a key
role in the propulsion process of the locomotive strider.

Second, the special cross-section shape of the water
strider leg also makes a considerable contribution to the large
buoyant force. In fact, its cross section is not a solid circular
shape but a hollow or annular one. For a given material
mass, the annular shape will have a larger diameter and a
higher bending strength than a solid circular shape. As con-
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meniscus

water

FIG. 14. (Color online) A water strider leg pressing a water
surface. The elastic deformation renders a bigger contact width be-
tween the leg and the water surface, resulting in a further enhance-
ment of the repellency behavior of the leg.

cluded in Sec. II B, the maximal buoyant force of a circular
or annular rod is sensitively dependent upon its diameter.
According to experimental observations, the outer radius is
about 1.5 times the inner. For the same nondimensional
cross-sectional area of 7r/4, the nondimensional maximal
buoyant forces are 4.40 for the annular rod and 3.53 for the
solid circular rod. Therefore, the annular cross-section shape
of the water strider leg is an optimized one from the angles
of low mass density, high bending strength, and large buoy-
ant force. It should also be mentioned that under a given
cross-sectional area, the maximal outer radius of a water
strider leg is limited by its instability since local buckling is
apt to happen in a thin shell under bending. Analysis of the
strength and instability of water strider legs are beyond the
scope of the present paper.

Additionally, the adaptive elastic deformation of a water
strider leg with two flexible joints also contributes to the
increase of its buoyant force. As aforementioned, the leg has
a large number of setae, which are equivalent to a soft layer
outside the leg. Before its contact with the water surface, the
leg has a hollow annular shape, but when subjected to a
downward pressing force, it will deform into a self-adaptive
shape, as shown in Fig. 14. Our above calculation shows that
such a deformed shape is able to create a higher buoyant
force.

The above analysis evidences that a water strider leg can
achieve an extremely higher buoyant force by several dis-
tinctly different mechanisms, including (i) the hierarchical
microstructures and nanostructures with a wax coating,
which lead to the superhydrophobic surface property or a
large Young’s contact angle, (ii) the hollow annular cross-
section shape, which increases the leg diameter, and (iii) the
elastic deformation, which serves as a further enhancement
of the repelling ability. Furthermore, the two flexible joints
connecting the three segments of the leg also help prevent its
piercing into water [38]. These mechanisms provide inspira-
tions for design of innovative miniature aquatic devices and
nonwetting materials.
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V. CONCLUSIONS

Motivated by the observation of the striking repellency
behavior of such creatures as water striders and water spiders
living on water, the buoyant force of a floating thin rod has
been theoretically investigated in this paper. The shape func-
tion of the meniscus and the induced buoyant force are de-
rived analytically for a hydrophobic long rod with different
cross-section shapes. The sinking conditions of the maximal
volume condition (dV/d#=0) and the meniscus-contact con-
dition (x,,;,=0) are discussed in detail. It is found that the
latter criterion overestimates the maximal depth of the rod,
and, therefore, the maximal pressing force a rod can bear
should always be determined from the maximal volume con-
dition. The maximal buoyant force increases with increasing
the Young’s contact angle and the rod radius. The theoretical
result is consistent with numerical and experimental results.
We have also examined the dependence of the maximal
buoyant force on the cross-section shape by comparing the
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rods of several typical shapes. It should be mentioned that
the adopted method based on force and geometry analysis is
equivalent to the energy method [39].

It is interesting to find that to achieve an extremely strong
ability to live on water, a water strider leg has several dis-
tinctly different mechanisms, including the hierarchical mi-
crostructures and nanostructures with a wax coating, the hol-
low annular cross-section shape, and the elastic deformation.
These mechanisms provide inspirations for design of innova-
tive miniature aquatic devices and nonwetting materials from
different aspects (e.g., geometric shape, characteristic size,
surface microstructure, and elasticity).
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